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$\chi(n)$ $\mathrm{m}\mathrm{o}\mathrm{d} q$ $\mathrm{s}=1$ L-
$L(1, \chi)$
Berger [1], Selberg and Chowla
[7], Deninger [2], $L’(1, \chi)$
[4] – $L^{(n)}(1, \chi)$
[8] $L^{(n)}(1, \chi)$ $\chi$ real non-principal
$q$ $\chi$ , $L^{(n)}(1, \chi)$ $n$
$L^{(n)}(1, \chi)$ $L^{(n)}(1, \chi)$
$|L^{(n)}(1, x)|$
– $\gamma_{n}$








$\Phi_{q}(z)$ $=$ $z\log q-(n+1)\log z-z\log 2\pi i+\log \mathrm{r}(_{Z)}\text{ }$
$\Omega_{q}(z)$ $=$ $z\log q-(n+1)\log z-z\log(-2\pi i)+\log \mathrm{r}(_{Z})_{0}$
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2 h :
$\exp[\Phi_{q}(a+yi)-\Phi_{q}(a+bi)+\frac{1}{2}\Phi_{q}’’(a+bi)(y-b)^{2}]=\sum_{j=0}^{\infty}hj(q,y-b)^{j}$
$a+bi$ \Phi q(z) $=0$ $0<b<a,$ $n^{1/}2<a<n$
3 :
$\mathit{9}q(y)’\backslash$ $=$ ${\rm Re}\Phi_{q(}/u+y\cdot i_{)\text{ }}\backslash$
$f_{q}(y)$ $=$ ${\rm Im}\Phi_{q}(a+yi)\mathrm{Y}$
$\Phi_{q}^{l}(Z)$ $=$ $\frac{d}{dz}\Phi_{q}(z)_{\backslash }$
$g_{q}^{J}(y)$ $=$ $\frac{d}{dy}g_{q}(y)\text{ }$





$\cos x$ (if $x(-1)=1$ )
$\sin x$ (if $x(-1)=-1$)
$\chi$ modulo $q$ primitive $n_{0}>e^{q}$
$n>n_{0}$
$(-1)^{n_{L^{(n}}})(1, x)$ $=$ $i^{\alpha} \frac{n!}{\pi}\frac{\tau(\chi)}{q}{\rm Re}[(-i)\alpha e^{\Phi_{q(a}}\sum_{m=0}+bi)Nh2m\Gamma(q,m+1/2)(,,\frac{2}{\Phi_{q}(a+bi)})^{m+}1/2]$
$+i^{\alpha} \frac{\tau(\chi)}{q}(A_{q,\alpha}(n)+B_{q_{)}}\alpha(n))\backslash$
$\frac{1}{2}(\log n)^{2}+3(\log n)(\log q)+3(\log q)^{2}-4>N$ $\tau(\chi)$
$\tau(\chi)=\Sigma_{r=1}^{q-1}x(r)e2\pi ir/q$ $A_{q,\alpha}(n)$ $B_{q,\alpha}(n)$
$A_{q,\alpha}(n)=O(n!e^{g_{q}}(b)_{\frac{(\log n)\frac{11}{3}N+\frac{26}{6}}{n^{\frac{1}{3}N-\frac{1}{6}}}\mathrm{I}},$ $B_{q,\alpha}(n)=^{o}(n!e^{g_{q}}(b)( \frac{\log n}{n})^{\frac{1}{3}N}+\frac{1}{3})$
1. $\mu>0$
$|\arg(-1)n_{L^{(n)}}(1, x)-\arg i\alpha \mathcal{T}(\chi)|<\mu$
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$n$





$S_{\mu}^{+}(N)=\#\{n\leq N||\arg(-1)n_{L(1,\chi)}(n)-\arg i\alpha \mathcal{T}(\chi)|<\mu\}_{\text{ }}$
$S_{\mu}^{-}(N)=\#\{n\leq N||\arg(-1)nL^{(}n)(1, \chi)-(\arg i^{\alpha}\mathcal{T}(x)+\pi)|<\mu\}_{0}$
.
1*( ). $\mu>0$ N0 $N>N_{0}$
$N$




$\dot{L}^{(n)}(1, \chi)=\lim_{sarrow 10^{L^{(n}}(x)}+)s$, - $\tau(\chi)$
2. $n_{0}$ $n\geq n_{0}$ $n$




$|(-1)^{n}L(1, \chi)|\geq q^{\frac{n}{\log n}}$ e$- \frac{1}{2}$ n log log $n-A \frac{n10}{1}\circ \mathrm{g}n\mathrm{B}^{\circ n}1$
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$n$ $A$
Remark 2. [8] :
$n\geq\dot{0}_{\text{ }}q$ cube-free \epsilon $>0$ $qo(\epsilon)$ $q>q\mathrm{o}(\epsilon)$





$L(s, \chi)$ $s=1$ :
$L(s, \chi)=\sum\frac{L^{(n)}(1,\chi)}{n!}n\infty=0(S-1)^{n}$ .
$s=1-z$ :
$(-1)^{n}L^{()}n(1, x)= \frac{n!}{2\pi i}\int_{C}\frac{1}{z^{n+1}}L(1-z, \chi)dZ$
$C$ \sim $=0$ \rho $>0$ –
$(-1)^{n}L(n)(1, x)$ $=$ $\frac{n!}{2\pi i}\int_{E_{1}}\frac{1}{z^{n+1}}L(1-z, x)dZ+\frac{n!}{2\pi i}\int_{E_{2}}\frac{1}{z^{n+1}}L(1-z, \chi)d_{Z}$
$=$ $H_{1}+H_{2}$
$E_{1}$ $a$ $0$ $\infty$ , $E_{2}$ $a$ \infty
$0$ $\chi(-1)=1$








$H_{1}+H_{2}$ $=$ $\frac{n!}{\pi}\frac{\tau(\chi)}{q}{\rm Re}[e^{\Phi_{q}(i)}\sum_{=0}hq,2ma+bmN\mathrm{r}(m+1/2)(,,\frac{2}{\Phi_{q}(a+bi)})^{m+1/2}]$
$+\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{o}\mathrm{r}$









$C_{q,\alpha}(n)=O(( \frac{\log\log n}{\log n})^{1/4}\mathrm{I}\text{ }$ $D_{q,\alpha}(n)=O( \frac{1}{\log n})\text{ }$
$E_{q,\alpha}(n)=O( \frac{(\log n)4/3}{n^{5/6}})$
(1) $P(f_{q}(b))$ error term
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